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Abstract 

We consider the elastic scattering in deformed space with minimal length. We 
give the basic relation for the elastic scattering in deformed space. We also investi- 
gate the partial wave method in deformed space. It is shown that the relations for 
the scattering amplitude and cross-section formally coincides with ordinary ones. 



1 Introduction 

In the recent years, a lot of works have been devoted to the quantum mechanical 
problems in a deformed space with minimal length. Such an interest was motivated 
by several independent lines of investigation as the string theory [1] and quantum 
gravity [2] where the existence of a finite lower bound for the possible resolution of 
length [3] was proposed. Kempf and collaborators showed that finite resolution of 
length can be obtained from the deformed commutation relations |41 O [6l [7] . One 
should note that deformed commutation relations were introduced earlier by Snyder 

m- 

The deformed algebra leading to the existence of a minimal length in a D- 
dimensional case takes form 

[X„ Pj] = ih{6ij{l + + /3'p,p^), [p,, Pj] = 0, 

where /3, /?' are the deformation parameters. We assume that these quantities are 
nonnegative /?, /?' ^ 0. It is easy to show that minimal length equals hy/ (3 + (5' . 

Deformed Heisenberg algebra ([T]) causes new complications in solving quantum 
mechanical problems. It is well known that algebra ([1]) does not have the position 
representation [5] . There are just a few known problems for which the energy spectra 
have been found exactly P [TOl Ell HI la E] . 
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The several works were devoted to the hydrogen atom in the space with deformed 
Heisenberg algebra ([T]). In work [15] the partial case of deformation was considered 
when 2P = P' , the spectrum was found perturbatively. In paper [16j a general case 
2f3 7^ P' was considered, using perturbation theory the spectrum of the hydrogen 
atom was found but when I ^ 0. For the s-states the corrections to the energy levels 
were found numerically. In work [17] a modified perturbation theory was proposed 
that allowed to obtain the analytical correction to the s-levels. In paper [18] the 
corrections to the energy for arbitrary s-levels of the hydrogen atom were calculated 

The scattering problem in deformed space was investigated in [.19j. The elastic 
scattering was considered. Here we carry on the investigation of scattering problem. 
We develop the partial wave method and compare it with previous results. 



2 Scattering amplitude and differential cross- 
section 

To investigate the scattering problem it is essential to introduce the representation 
of operators satisfying the algebra It is well known that such an algebra has 
the momentum representation, but we use the approximate representation fulfilling 
the algebra in the first order over the deformation parameters \n\ [T9] : 



2/3 - /?' 2 2 ^ 
Xi = Xi-\ [xip +p Xi) , 

Pi=Pi + —PiP , 



(2) 



where p^ = "^j^ipj and the operators Xj, pj satisfy the canonical commutation 
relation. The position representation Xi = Xi, pj = ih-^ can be taken for the 

ordinary Heisenberg algebra. We note that in the special case 2/3 = P' the position 
operators commute in linear approximation over the deformation parameters, i.e. 
[Xi,X,]=0. 

The Schrodinger equation with arbitrary potential U(R,) in canonical variables 
takes the following form: 

^ + ^ + Uir,p))^ = E^. (3) 
2m 2m J 

We suppose that [/(r, p) — > when r ^ 00 and motion of a scattered particle 
at large distances form the scattering center is free. The kinetic energy of a free 
particle reads: 

i? = ^(l + /3W), (4) 
2m 

where k is the wave vector of an incident particle and P = /ik(l + P'f^k"^ /2) is the 
momentum of the particle. We investigate the elastic scattering so we have that 
after the scattering k = k' , where k' is the wave vector of scattered particle. 
Then we can write a formal solution of equation Q in the form: 

f 9m 

^{r)=Mr)+ J G(r,r')^C/(r',p')*(r')dr', (5) 
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where G{r, r') is the Green's function. 

As was shown in paper [19] the asymptotic Green's function takes form: 



Using this Green's function ([6]) and after some simphfications we rewrite equation 
([S]) in the form: 

= ^'f^' - 2rf(rTW)T^ / ^-*'^'f'(^'.P>('')dr'. (7) 

where k' = kn. 

Equation ([Tj) can be represented in the form: 



r 

where 

m I jk'r' 



^(r)=e*''r + — /, (8) 



is the scattering amphtude. 

As we see the first term in equation ([5D corresponds to the wave function of 
an incident particle and the second term corresponds to the wave function of a 
scattered particle. 

It is well known that central problem of the scattering theory is the calculation 
of the differential cross-section. It was shown in [19] that differential cross-section 
in deformed space takes the same form as in the ordinary quantum mechanics: 

(10) 

The last equation allows to calculate the differential cross-sections for an arbi- 
trary potential of scattering. But as we can see from expression Q the scattering 
amplitude and as a consequence differential cross-section can not be calculated ex- 
actly. It necessary to use the approximate calculation. In the Born approximation 
we consider the scattering potential as a small perturbation and solve equation ([7]) 
by the method of successive approximation. In the first approximation we substitute 
the plane wave i/jki^) = exp (ikr) in relation 

As was shown in |19j the differential cross-section for the Coulomb potential 



U = e /R, where R = y^^Xf in deformed space takes the form: 



dn 4.h'^k* sin^ I n?k^ sin2 | V 2 

In (h^{2p - P')k^ sin^ | ) + 27 - 1 

V 2 / 2 sin 



2sin2| 



(3' 



(11) 



sm^l 



The first term in (lllh is the ordinary differential cross-section and other terms 
are caused by deformation of commutation relations. As we see the corrections to 
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the differential cross-section nonanalytically depend on the deformation parameters, 
but when the deformation parameters tend to zero the corrections also tend to 
zero and we return to the ordinary differential cross-section. We also note that 
as in ordinary quantum mechanics the scattering amplitude for the particle in the 
Coulomb potential is ill defined in the Born approximation, so it is necessary to 
calculate the scattering amplitude for the Yukawa potential U {R) = — exp {XR) / R 
and then one should tend the parameter A to zero. 



3 Partial wave method 

When the potential of scattering is spherically symmetric then the angular momen- 
tum of scattering particle is the integral of motion, so it should to note that particles 
with different orbital quantum numbers are scattered independently. Then as in or- 
dinary quantum mechanics we can represent the scattering cross-section as a sum of 
partial cross-sections for the fixed values of the orbital quantum numbers /. So we 
assume that we have a spherically symmetric scattering potential, and consider the 
scattering process on this potential. Arbitrary solution of the Shrodinger equation 
can be represented in the form: 

+00 

^ir)=Y,AiRki{r)Pi{cos^), (12) 
/=o 

where Rni{r) are the radial wave functions and P/(cosi?) are the Legendre polyno- 
mials. 

Firstly consider free particles. The Shrodinger equation for a free particle: 

- ^(1 - fi'h^V^)^ = ^(1 + (13) 
or in equivalent form: 

iV^ + k'^){l-P'n'^{V^-k'^))ij = 0. (14) 

We represent the solution of last equation as sum of two functions "01 and ip2 which 
are the solutions of the following equations: 

(V2 + fc2)V;i = 0, (15) 

{1- (3'h\V^ -k^))^2 = 0. (16) 
Radial part of wave function ipi takes the well known form: 

Ti / N 1 /T / / 1 d V sin /cr ,^ 

Equation (fT6]) gives us unphysical solution and we reject it. 
The asymptotic of solution (fT7|l at large distances reads: 

Rkl{r) = \ ^ ^. 18 

V TT r 
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We suppose similarly as in ordinary quantum mechanics that asymptotic of the 
wave function for the scattered particle is the same and differs from (jlSp by the 
phase shift only: 

— , , /2"sin (kr - + 6i) 

Rkl{r) = \ ^ ^ ^, r^oo. 19 

V vr r 

We use decomposition (jl2p and instead of function i?fc/(r) we take wave function 
(jlSp for the free particle and function (jl9p for the particle in the external field. 
Then we substitute aforementioned decompositions in ([8]), so we obtain: 



r kr 

1=0 

Ci sin (^kr ~ + ^l^ ~ (^^'^ ~ 



(20) 



After simple transformations we obtain: 



f = ^T.('^l + m-e'''^)Pi{cos^). (21) 

1=0 

Last relation formally coincides with the expression for the scattering amplitude in 
the ordinary quantum mechanics, but we note that wave number k and phase shift 
5i depend on the deformation parameters. 

Using relation (jlOj) and after integration over all spatial angles we have: 

+ 00 

a = ^^(2/ + l)sin2 5,. (22) 

1=0 

Similarly as in ordinary quantum mechanics the scattering cross-section relates to 
the imaginary part of the scattering amplitude in forward direction, so we have: 

a = ^Im/(0). (23) 

Partial wave method also allows to obtain the phase shifts. Using the radial func- 
tions Xkiir) = rRki{r) and Xkii^) = ^Rkii^) for the free and scattered particles 
respectively we find: 

dXki - dxki ^1^2 ( d^Xki - d^Xki 
Xki^ Xki—^ P /I [Xki^^ Xkr 



or or \ or-^ or-^ 

dXki d^Xki ^ dxki d^Xki \ ^ 2(3' h^^^^ ^ 



{xki%^-XM^) = j\kl{r')Uxu{r')dr' . (24) 

It is a very complicated problem to solve the last equation, but most interesting 
for us is the phase shift at large distances from the scattering center, so we can use 
asymptotic wave functions (fTSj) and (fT9ll . Taking into account that the last term in 
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the left hand side of relation (j24p goes to zero at large distances from the scatterer 
we obtain: 

In so far as we consider the phase shifts at large distances from the scattering center 
we can tend to infinity the upper bound in integral ()25l) . In the first approximation 
we can put in right hand side of (j25p asymptotic wave function of free particle Xki{f) 
instead oiXkii'^)^ so we have: 

Relation (j26p corresponds the first Born approximation in relation ([9|). To obtain 
a more accurate estimation it is necessary to use expressions (|25p . but in practice 
enough good estimation we obtain in the Born approximation. 



4 Conclusions 

In this paper, the elastic scattering in deformed space with minimal length was con- 
sidered. We reviewed main results obtained earlier. One should note that differential 
cross-section in deformed case equals to the square of module of the scattering am- 
plitude, so we have the same expression as in the ordinary quantum mechanics. As 
was shown the correction to the differential cross-section for the Coulomb potential 
nonanalytically depends on deformation parameters but it tends to zero when the 
parameters go to zero. This dependence is caused by the shifted expansion for the 
distance operator. Then we also considered the partial wave method in deformed 
space. It was shown that in deformed case scattering on spherically symmetric 
potential is similar to the ordinary one. The particles that have different angu- 
lar momentum (different orbital quantum numbers I) are scattered independently. 
So the expression for the scattering amplitude as sum of a partial amplitudes and 
the relation for cross-section formally coincide with the corresponding relations in 
ordinary quantum mechanics. 
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